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Chapter 1 Introduction 
Many contemporary mathematical problems, as geodesics, may be formulated as 
variational problems on manifolds. Theory of harmonic maps is one of the most developed 
theory among them. Harmonic maps are critical points of the energy functional on the space 
of smooth maps between two Riemannian manifolds. Examples of harmonic maps appear in 
various aspects of differential geometry. For example, harmonic functions , geodesics, minimal 
immersions, isometric maps, and holomorphic maps between Kaehler manifolds are such 
typical examples. Therefore harmonic maps are a natural concept in geometry. For harmonic 
maps, it is one of the most fundamental problem that whether or not a given map is 
homotopically deformable to a harmonic map. In 1964, J. Eells and J. H. Sampson 
considered the existence problem of harmonic maps between compact Riemannian manifolds. 
They showed that any continuous map 仕om a compact Riemannian manifold into a compact 
Riemannian manifold of non -positive curvature is 仕'ee homotopically deformable to harmonic 
maps. By using the existence and properties of harmonic maps, one can study the structure 
of Riemannian manifolds (e.g. Preissmann's theorem and Siu's strong rigidity theorem 
etc..). 
On the other hand, non -existence resu1ts for harmonic maps are also known. 
For example, a map of degree 1:1 from a 2-dimensional torus into a 2-dimensional sphere is 
not homotopic to any harmonic map. Therefore a generalization of harmonic maps seems an 
important subject instead. 
In 1983, J. Eells and L. Lemaire proposed the problem to consider polyharmonic maps of 
order k which are critical points of the k-energy functional on the space of smooth maps 
between two Riemannian manifolds. Polyharmonic maps of order k are genera1ized notion of 
harmonic maps by definition. In 1986, G. Y. Jiang derived first and second variational 
formulas of 2-energy and studied biharmonic maps (that is, polyharmonic maps of order 2). 
One of the most interesting problem in biharmonic theory is to give existence resu1ts for 
biharmonic maps. It is especially interesting to construct biharmonic maps when 
non-existence resu1ts for harmonic maps have been known. In spite of many attempts, there 
have not been known such a resu1t. On the other hand, there are many non-harmonic 
biharmonic maps. In particular, there are many resu1ts for biharmonic maps into a space 
form. 
Another interesting problem for t 
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surface in the 3-dimensional Euclidean space, (c) a hypersurface in the 4-dimensional 
Euclidean space. However, we cannot apply the methods of (b) and (c) to a higher dimensional 
manifold. In this dissertation, we try to think about Chen's conjecture from a different point of 
view. Here we notice that since there is no assumption of completeness for submanifolds in 
Chen's conjectu民 in a sense 比 is a problem in local differential geometry. With these 
understandings, N. Nakauchi and H. Urakawa reformulated Chen's conjecture into a problem 
in global differential geometry: “:Any complete biharmonic submanifold in the Euclidean space 
is minimal." 
On the other hand, Chen's conjecture was generalized as follows: 
"Any biharmonic submanifold in a Riemannian manifold with non-positive sectional 
curvature is minimal". There are also many afi.rmative partial answers to this conjecture. 
However, Y. -L. Ou and L. Tang gave a counterexample of this conjectur. Note that there are 
non-minimal, biharmonic submanifolds in a sphere. W抗hthese understandings, it is natural 
to consider the following problem. “Any complete biharmonic submanifold in a Riemannian 
manifold with non -positive sectional curvature is minimal.“ N. Nakauchi and H. Urakawa 
gave an affirmative partial answer to this conjecture. 
Recently, E. Loubeau and S. Montaldo introduced a biminimal submanifold which is 
characterized by the normal part of the biharmonic equation. For this reason, one can 
formulate analogous problems of Chen's conjecture and the generalized Chen's conjecture for 
biminimal submanifolds. 
Chapter 2 Preliminaries 
Chapter 2 contains the preparations for some necessary definitions and preliminary 
geometric results. 
Chapter 3 Bihannonic properly immersed submanifolds in Euclidean spac倒
We will consider a complete biharmonic immersed submanifold M in the Euclidean space. 
Under the assumption that the immersion is proper, that is, the preimage of every compact 
set in the Euclidean space is also compact in M, we will prove that M is minimal. This result 
IS an a伍rmative partial answer to the global version of Chen's conjecture for biharmonic 
submanifolds. 
Chapter 4 Biminimal properly immer舵dsubmanifolds in Euclidean spaces 
We will apply the ideas in Chapter 3 to biminimal submanifolds. 
Recently, E. Loubeau and S. Montaldo introduced biminimal submanifolds which are 
generalized notion of biharmonic submanifolds. They have studied intensively in recent years. 
In this chapter, we will consider a complete nonnegative biminimal submanifold M (that is, a 
complete biminimal submanifold with λ;::: 0) in the Euclidean space. Under the assumption 
that the immers?n is proper, we will prove that M is minimal. On the other hand, for the case 
λ く 0， we construct examples of biminimal submanifolds and curves. 
Chapter 5 Biminimal properly immersed suhmanifolds in complete Riemannian manifolds of 
non-positive curvature 
We will develop the theory in Chapter 3 and Chapter 4. We will consider a non-negat?e 
biminimal proper1y immersed submanifold M in a complete Riemannian manifold N with 
non-positive sectional curvature. Assume that the sectional curvature KN of N satisfies 
α 
KN ;:::ーL(l+ distN ( ・，qo)2)? for L > 0,2 >αand qo E N. Then, we will prove that M is 
minimal. As a corollary, we w辻1give that any biharmonic properly ?mersed submanifold in a 
hyperbolic space is minimal. These results give affirmative partial answers to the global 




Chapter 6 Bihannonic Lagrangian submanifolds in Kaehler manifolds 
We will consider biharmonic Lagrangian submanifolds in Kaehler manifolds. 
We will give the necessary and sufficient condition for Lagrangian submanifolds in Kaehler 
manifolds to be biharmonic. Then, we will classify biharmonic PNMC Lagrangian H .umbilical 
submanifolds in the complex space forms. Furthermore, we w出 classiか biharmonic PNMC 
Lagrangian surfaces in the 2-dimensional complex space forms. 
Chapter 7 Triharmonic maps into a Riemannian manifold withωInsta副総ctionalcurvature 
We will consider polyharmonic maps into a Riemannian manifolds with constant sectional 
curvature. We will consider relationships between biharmonic maps (polyharmonic maps of 
order 2) and triharmonic maps (polyharmonic maps of order 3), and show non-existence 
theorem of triharmonic maps~ We will also give the definition of p?yharmonic submanifolds 
of order k in the Euclidean space, and study polyharmonic curves of order k in the 
Euclidean space. Furthermore, we wiU give a conjecture for polyharmonic submanifolds of 






に 面積最小部分多様体となる。これらは 2 階の非線形偏微分方程式系で定義され、幾何・解析
で盛んに研究されてきた。このエネルギーの概念を高階化して写像の k -エネルギーが定義され、
その臨界値を与える写像・部分多様体として、 k- 調和写像・ k -調和部分多様体が定義される。





第 2 章は、調和写像・重調和写像・ k-調和写像などの概念の準備である。
第 3 章は， rユークリッド空間内の重調和部分多様体は極小で、ある」と言う Chen予想の研究で、
この分野における基本的な問題の一つで、ある口この予想における部分多様体に完備性を仮定した
大域版の予想、をほぼ完全に解決しており、高く評価できる。
第 4 章では、第 3 章で得た結果を非正な重極小部分多様体に拡張しており、評価できる。
第 5 章は、一般化された Chen 予想、の大域版の研究を行っている。これは許容空間であるユー
クリッド空間を非正曲率を持つ完備リーマン多様体に置き換えて、大域的 Chen 予想、を考察する
ものである。著者は非常に弱し、制限条件の下、この予想を肯定的に解いており、高く評価できる。
第 6 章では、複素空間形内の重調和ラグランジアン H-umbilical PNMC 部分多様体の完全な分
類を与えており、高く評価できる。
第 7 章では、重調和写像・ 3-調和写像がいつ調和写像になるかと言う、 k- 調和写像に対する自
明性の問題を扱っていて、興味深い結果を与えており評価できる。
よって、本論文は、博士(情報科学)の学位論文として合格を認める。
??「ひ
